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New Advanced k–ω Turbulence Model
for High-Lift Aerodynamics

Antti Hellsten∗

Helsinki University of Technology, FIN-02015 TKK, Finland

The development and preliminary validation of a new k–ω turbulence model based on explicit algebraic Reynolds-
stress modeling are presented. This new k–ω model is especially designed for the requirements typical in high-lift
aerodynamics. Attention is especially paid to the model behavior at the turbulent/laminar edges, to the model
sensitivity to pressure gradients, and to the calibration of the model coefficients for appropriate flow phenomena.
The model development is based on both analytical studies and numerical experimenting. The developed model is
assessed and validated for a set of realistic flow problems including high-lift airfoil flows.

Nomenclature
ai j = Reynolds-stress anisotropy tensor,

u′
i u

′
j/k − (2/3)δi j

Cp = pressure coefficient (p − p∞)/( 1
2 ρ∞U 2

∞)
cd = drag coefficient
c f = skin-friction coefficient τw/( 1

2 ρ∞U 2
∞)

cl = lift coefficient
D = cylinder diameter
d = distance to the nearest wall point
F1 = mixing function in Menter’s k–ω models
fmix = mixing function for the model coefficients
k = kinetic energy of turbulent motion

per unit mass
k+

s = sand-roughness height ks scaled by the viscous
length scale, k+

s = ksuτ /ν
nu, nk, nω = exponents of the power solutions to the

idealized edge problem
Re = Reynolds number
S = scalar measure of mean strain rate

S = √
(2Si j S ji )

Si j = mean strain-rate tensor nondimensionalized by
the turbulent timescale
τ(∂Ui/∂x j + ∂U j/∂xi )/2

t = time
u′

i u
′
j = Reynolds-stress tensor

u′v′ = Reynolds shear-stress component u′
1u′

2
uτ = friction velocity,

√
(τw/ρ)

V = transverse convective velocity in the idealized
edge problem

y+ = wall-normal coordinate scaled by the viscous
length scale, yuτ /ν

βT = nondimensional pressure gradient in boundary
layers, (δ1/τw) dp/dx

β1, . . . , β9 = coefficients in the explicit tensor expression for
the Reynolds-stress anisotropy

β∗ = model coefficient
�, �1, �2, �3 = arguments of fmix

γ = model coefficient

 = Clauser’s delta, Ueδ1/uτ

δ = thickness of a turbulent shear layer
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δi j = Kronecker’s delta
δ1 = displacement thickness of a turbulent

shear layer,∫ ∞

0

(1 − U/Ue) dy

δ2 = momentum thickness of a turbulent shear layer,∫ ∞

0

[
U/Ue − (U/Ue)

2
]

dy

ε = dissipation rate of turbulent kinetic energy k
εi jk = third-rank alternating symbol
η = similarity coordinate
κ = von Kármán constant of the logarithmic

velocity law
ν = kinematic viscosity
νT = kinematic turbulent eddy viscosity
σ = model coefficients of diffusive terms (specified

by subscripts)
τ = turbulent timescale, = k/ε = 1/(β∗ω)
τw = wall shear stress
�i j = mean vorticity tensor nondimensionalized by

the turbulent timescale,
τ(∂Ui/∂x j − ∂U j/∂xi )/2

ω = second scale variable in the k–ω models,
ε/(β∗k)

Subscripts

e = value just outside the edge of a turbulent layer
w = wall value
1, 2 = references to model coefficient sets 1 and 2,

that is, inner and outer model coefficients
∞ = far-field value

Superscripts

(eq) = equilibrium value
(ex) = higher-order terms of the anisotropy

polynomial
+ = variable scaled by viscous length and velocity

scales, ν/uτ and uτ , respectively

I. Introduction

T HE turbulence modeling presently employed in aerody-
namic flow simulations is usually based on two-equation

scale-determining models and a linear constitutive model for the
Reynolds-stress tensor. The linear constitutive model, known as
the generalized Boussinesq model, assumes a linear dependency
between the turbulent stress and the mean strain-rate tensors. This
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might be a too restricting assumption in complex problems typical
in high-lift aerodynamics because a multitude of different flow phe-
nomena can be present in a single problem. Therefore, turbulence
modeling with a wider range of applicability than the Boussinesq
models must be looked for. Reynolds-stress transport modeling
(RST), in which a modeled transport equation is solved for each
stress component, is in principle a more general class of models
with a wider range of applicability. RSTs are, however, considered
as a too complex approach for the industrial aerodynamic design
work. On the other hand, the two-equation models can be extended
for a wider range of applicability by developing more advanced
nonlinear constitutive modeling. Explicit algebraic Reynolds-stress
models (EARSM) are an interesting subset of nonlinear models.
In this approach, part of the higher-order description of physical
processes in the RST level is transferred into the two-equation mod-
eling level. The EARSM approach is considered to be a suitable
type of constitutive modeling for the present purposes. There are
also other kinds of more advanced models than the standard lin-
ear two-equation models. Durbin’s v2– f model1 is maybe the best
known example of such models. In this work, however, the EARSM
approach is adopted.

Most of the existing two-equation scale-determining models are
designed in conjunction with the linear constitutive modeling. This
fact can compromise the performance of the model when combined
with an EARSM or another nonlinear constitutive model. The aim
of this study was to develop a new k–ω model to be used purely with
the EARSM as a constitutive model. The model is designed to be
utilized mainly for aerodynamic problems, especially for high-lift
aerodynamics. This does not mean that the model is unsuitable for
all other flow problems, but the focus is kept in flow phenomena
that have an important role in typical high-lift aerodynamics prob-
lems. Boundary layers under adverse pressure gradient, wakes, and
mixing layers are considered as important elementary flows in the
model development. Wakes are very important because the interac-
tion between wakes and boundary layers might be the factor that
controls the maximum lift of multielement airfoils.

The development was started from Menter’s k–ω model,2 and it
is completely recalibrated in conjunction with the selected EARSM
constitutive model.3 Menter’s k–ω model is selected as a starting
point because it is one of the most popular and successful tur-
bulence models applicable in practical aerodynamics engineering
work to date. Menter’s k–ω model has previously been combined
with EARSM as a constitutive model, for example, see Refs. 4–6.
The resulting model behaves quite much like the original model
in simple shear flows, but it has better potential to predict the ef-
fects of streamline curvature, swirl, rotation, and other complexities.
However, there are also some problems. For instance, the veloc-
ity profile in the defect layer of a zero-pressure-gradient boundary
layer has a qualitatively wrong shape. This failure in predicting the
very elementary flow indicates that the constitutive model cannot
necessarily be changed without recalibrating the scale-determining
model. Moreover, Menter’s models, both the original models and
the EARSM versions predict unphysically sharp edges for the tur-
bulent regions, and they predict wakes to spread far too slowly.
More or less poor behavior near the outer edges of the turbulent
regions has been one of the most significant weaknesses of the k–ω
model family. Therefore, much attention is paid on the edge be-
havior in developing the new model. The analysis first proposed by
and Spalart and Allmaras7 and more generally derived by Cazalbou
et al.,8 and later by Catris and Aupoix9 and by Kok10 is extended for
models with variable eddy-viscosity coefficient Cµ such as nonlinear
eddy-viscosity models and EARSMs.11,12 The earlier work assumed
constant Cµ and is thus restricted to linear eddy-viscosity model-
ing. As an exception, the recent work by Cazalbou and Chassaing13

extended this analysis to RST models. To the author’s knowledge,
however, this kind of analysis has not been applied to nonlinear
two-equation models by other researchers. The present analysis en-
forced the recent observation by Hellsten and Bézard12 that the dif-
fusion coefficient of k needs a stricter limit, namely, σk > 1, when
EARSM is used as a constitutive model. With linear constitutive
modeling, it is sufficient to have σk > 0.5. It was shown both analyt-

ically and numerically that violation of the new constraint leads to
a highly anomalous hook-shaped velocity profile around the outer
edge of turbulent region. This fact renders many existing k–ω mod-
els unsuitable to be used with EARSM as the constitutive model.11

Wilcox’s k–ω models14,15 and Kok’s k–ω turbulent/nonturbulent
(TNT) model10 can be mentioned as examples of such models.

This paper presents a summary of the model development and
validation. A complete report is given in Ref. 11. The analysis con-
cerning the model behavior near outer edges of turbulent regions is
briefly explained in Sec. III. The model calibration is described in
Sec. IV, and the resulting model is summarized in the Appendix. Ow-
ing to space limitations, only two examples of validation computa-
tions are given in Sec. V. These are the separating adverse-pressure-
gradient boundary layer experimentally studied by Driver16 and flow
past a three-element high-lift airfoil National High Lift Program two
dimensional (NHLP 2D)17 at 20-deg incidence. More validation re-
sults are given in Ref. 11.

II. Starting Point
The scale-determining part of the new k–ω model as well as

Menter’s model and other k–ω models of its form can be written as

Dk

Dt
= P − β∗kω + ∂

∂xk

[
(ν + σkνT )

∂k

∂xk

]
(1)

Dω

Dt
= γ

ω

k
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∂xk

[
(ν + σωνT )

∂ω

∂xk

]
+ σd

1

ω

∂k

∂xk

∂ω
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(2)

with

P = −u′
ku′

l

∂Uk

∂xl
, νT = Cµ

β∗
k

ω
(3)

where the Reynolds-stress tensor u′
i u

′
j and Cµ are provided by

the constitutive model. The EARSM developed by Wallin and
Johansson3 is chosen as the constitutive model in this study. The
new model as well as Menter’s models employ two sets of model
coefficient values that are mixed as

C = fmixC1 + (1 − fmix)C2 (4)

where C represents any of the model coefficients γ , β, σk , σω, and σd ,
and fmix is the mixing function. Menter’s baseline (BSL) and shear-
stress transport (SST) models and a combination of the BSL model
and the EARSM are used as reference models in the calibration and
validation of the new model.

III. Model Behavior near Edges of Shear Layers
Cazalbou et al.8 proposed that behavior of turbulence models

near outer edges of shear layers can be understood by studying a
simplified problem involving only ordinary differential equations.
For the family of k–ω models of the form of Eqs. (1) and (2), these
equations are

V dU

dy
= d

dy

(
νT

dU

dy

)
, V dk

dy
= d

dy

(
σkνT

dk

dy

)

V dω

dy
= d

dy

(
σωνT

dω

dy

)
+ σd

νT

k

dk

dy

dω

dy
(5)

Note that the source and sink terms have been omitted as negligibly
small in the edge region. The convective velocityV must be assumed
constant around the edge. The Reynolds number is assumed high, so
that viscosity can be omitted. In this problem, all of the variables U ,
k, and ω are defined as positive quantities that go to zero on the edge.
Thus U can be considered either as a velocity defect of a wakelike
flow or a velocity excess of a jet-like flow. Note that Cazalbou et al.8

and Kok10 formulated the problem in a moving coordinate frame to
make V zero. In such a frame, the problem takes the form of an
unsteady nonlinear diffusion problem.



HELLSTEN 1859

This problem can have a solution of a power form

U (y) = U0 f σkσω/(σω − σk + σd ) (6)

k(y) = k0 f σω/(σω − σk + σd ) (7)

ω(y) = ω0 f (σk − σd )/(σω − σk + σd ) (8)

where

f (y) = max[(δ0 − y)/δ0; 0] (9)

and U0, k0, ω0, and δ0 are the characteristic scales of the problem.
Cazalbou et al.8 as well as Catris and Aupoix9 and Kok10 assumed
constant Cµ in the eddy-viscosity formula (3). The power solution
is possible provided that νT ∼ f . Cazalbou et al.8 presented the
necessary conditions for such solution to exist.

The power functions (6–8) are not necessarily differentiable on
the edge point (y = δ0) with all values of the model coefficients.
Cazalbou et al.8 showed that there is a corresponding weak solution
in such cases. Note that all existing models do not obey this power
solution as the exponents can become negative or unbounded in
some cases.

The validity of the preceding analysis to models utilizing nonlin-
ear constitutive relations, such as EARSMs, is not obvious. This is
because constant Cµ was assumed. Fortunately, the contribution of
the higher-order terms of the constitutive model is negligible near
the outer edges of shear layers. Thus, the only difference that actu-
ally must be considered is the fact that Cµ is variable in nonlinear
constitutive modeling.

The behavior of Cµ as a function of the nondimensional shear
rate S must be studied in order to understand the edge behavior
of nonlinear models. In general flows, S is defined as

√
(2Si j S ji ).

In this simplified problem, S is reduced to τ dU/dy. Cµ(S) in two
examples of constitutive models, Wallin and Johansson’s EARSM3

and Menter’s SST,2 are plotted in Fig. 1. At small values of S, Cµ

varies slowly with the EARSM and has a finite limit close to 0.09
as S → 0. With the SST, it is constant 0.09 at small values of S.
At larger values, say S > 3, Cµ decreases approximately inversely
proportional to S. In fact, the SST model gives exactly Cµ ∼ 1/S
at large shear rates. Now, if S → 0 toward the edge, we can assume
almost constant Cµ in the edge region and the preceding analysis is
at least approximately valid.

What happens if S does not go to zero at the edge? This can be
studied by extending the analysis to a particular case with Cµ ∼ f m

and m < 1. In this case, the solution becomes

U (y) = U0 f σkσω(1 − m)/(σω − σk + σd ) = U0 f nu

k(y) = k0 f σω(1 − m)/(σω − σk + σd ) = k0 f nk

ω(y) = ω0 f (σk − σd )(1 − m)/(σω − σk + σd ) = ω0 f nω (10)

It is immediately seen that if Cµ decreases toward the edge as with
m > 0 the edges in the solutions become sharper. This can well lead
to a situation where the velocity exponent nu , originally larger than
one with constant Cµ (i.e., m = 0), now becomes less than one. The
edge will be perfectly sharp with dU/dy being indefinite always
when nu ≤ 1 (a weak solution). This is an unphysical situation and

Fig. 1 Cµ as a function of S according to Wallin–Johansson EARSM3

and Menter’s SST model2 in simple parallel flows.

Fig. 2 Numerical solutions of the velocity defect near the outer edge
of a self-similar equilibrium boundary layer by using three different
k–ω models. Also plotted are experimental data by �, Klebanoff19; �,
Wieghardt and Tillman20; and �, Winter and Gaudet.21

can also cause numerical troubles. In practice, the numerical dis-
sipation and the molecular viscosity can alleviate the situation to
some extent, but also the numerical solutions will be qualitatively
wrong at least when nu < 1.

A situation where S goes to zero as the edge is approached would
be favorable. This is achieved when ω decreases more slowly than
dU/dy. It is shown in Refs. 11 and 12 that this is ensured by re-
quiring σk > 1. Cazalbou et al.8 derived a less restrictive constraint
σk > 0.5. This was only to ensure that the source and sink terms
of the k equation are negligibly small compared with the transport
terms. The new constraint has also physical grounds as S → 0 at the
edge in reality. This new constraint and its physical background is
discussed more in detail by Hellsten and Bézard.12 We must also
require that the exponents are positive to ensure that the analysis
is valid.8−10 This gives us two more constraints. Altogether three
constraints are obtained:

σω − σk + σd > 0 (11)

σk − σd > 0 (12)

σk > 1 (13)

Most of the existing k–ω models do not satisfy Eq. (13) (Ref. 11).
Unphysical sensitivity to the freestream values typical to some k–ω
models18 is also avoided by obeying these constraints. Such sensi-
tivity appears if σk = σω and σd = 0 (Ref. 11).

Figure 2 shows three different numerical k–ω solutions near the
free-stream edge of a self-similar boundary layer. Experimental data
by Klebanoff,19 by Wieghardt and Tillman20 and by Winter and
Gaudet21 are also plotted. The new model, of which development
this paper reports, obeys the preceding constraints and gives a quali-
tatively correct smooth solution at the edge. Kok’s model10 predicts
a sharp edge, and the third case is a generic combination of Kok’s
model and the EARSM, which predicts a sharp hook-shaped ve-
locity profile at the edge. Kok’s model is designed to satisfy the
constraints (11) and (12), but not the constraint (13) as it is a lin-
ear Boussinesq model. More specifically, it features σk = 2

3 , and
σω = σd = 1

2 . The qualities of these numerical solutions are as ex-
pected based on the analytical results.

The numerical solutions shown in Fig. 2 are obtained by solving
the self-similar equilibrium outer boundary-layer equations (for ex-
ample, see Wilcox,15 pp. 155–168). The results have been verified
by computing also full Navier–Stokes solutions, which feature the
same phenomena.

IV. Calibration
A. Calibration Strategy

Calibration of the model coefficients and the mixing function
is described step by step in this section. The final form of the
model resulting from these development steps is summarized in
the Appendix. The calibration is performed using zero-pressure-
gradient (ZPG) and adverse-pressure-gradient (APG) boundary
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layers, fully developed plane channel flows, plane far wakes, and
mixing layers. The classical constraints for the model coefficients
based on the decay of isotropic turbulence in undistorted mean
flow, on the homogeneous shear flow, and on the log layer are also
exploited.

Before proceeding with the boundary-layer problem, the outer
coefficients must be calibrated so that the selected elementary free
shear flows, the far wake, and the mixing layer will be predicted with
sufficient accuracy. These coefficients also become active on the
outer edges of the boundary layers; hence, they must be calibrated
before attempting to optimize the inner coefficients for the boundary
layer. As already mentioned, Menter’s models predict unphysically
sharp edges for the turbulent regions. These models also predict
wakes and mixing layers to spread far too slowly. To improve the
edge behavior, the calibration process must be started from the outer
coefficients (set 2).

First, σd2 must be given a much smaller value than σd2 = 2σω2 =
1.712 used in Menter’s models to satisfy the constraint (12). Un-
fortunately, lowering σd2, without changing any other coefficients,
makes the boundary layers spread too rapidly. A value as low as 0.4
is needed to predict the far-wake flow properly. With this value, the
boundary-layer thickness would become seriously overpredicted.
One way to overcome this contradiction is to change the mixing
function in such a way that the change of the model coefficients
from the inner (set 1) to the outer (set 2) values takes place farther
away from the wall than in Menter’s models. It is probably the best
practice to design the mixing function in such a way that the change
of the coefficients occurs closer to the boundary-layer edge than in
Menter’s models and to calibrate both coefficient sets to obey the
constraints (11–13). Added robustness is achieved by requiring also
the inner coefficients to produce acceptably good edge behavior.
Choosing this approach means that a value of about 0.4 should be
assigned to σd2, and σd1 should be about 1.0 according to prelimi-
nary numerical tests. The outer coefficients will be first looked for,
and the modifications to the mixing function will be considered after
that in Sec. IV.C.

B. Free Shear Layers
It was already anticipated that σk2 and σd2 should be about 1.1 and

0.4, respectively. On the other hand, γ2 and β2 should be calibrated
so that ω remains relatively small to allow rapid spreading of free
turbulent layers. Numerical experiments showed that the values used
in Menter’s models γ2 = 0.44 and β2 = 0.0828 are suitable. These
values correspond to the most commonly used k–ε values Cε1 = 1.44
and Cε1 = 1.92. Further numerical tests suggest that 1.0 is a suitable
value for σω2. Altogether these coefficient values are

σk2 = 1.1, σω2 = 1.0, σd2 = 0.4

γ2 = 0.44, β2 = 0.0828

Mean-velocity profiles of the approximately self-similar far-wake
flow are shown in Fig. 3 as functions of the similarity coordinate

η = (y/D)
√

2D/cd(x − x0) (14)

where D is the diameter of the wake-generating cylinder, x is the
distance between the cylinder and the measurement station, and x0

is the location of a virtual origin of the self-similar system. The com-
puted results are numerical solutions of the approximate self-similar
equations given for example by Wilcox (Ref. 15, pp. 131–136).

The results computed with the new coefficients are compared with
the BSL-EARSM results and with experimental data. The new outer
coefficients provide a velocity profile that fares well through the
somewhat scattered measurement data. Five sets of measured mean-
velocity data are shown: Townsend,22 Thomas,23 Fabris,24 Antonia
and Browne,25 and Weygandt and Mehta.26 Owing to the limited
space, the Reynolds-stress distributions are not shown here. These
are shown and discussed in detail in Ref. 11.

Figure 4 compares the computed velocity profiles of the self-
similar planar mixing layer with experimental data. Again, see

Fig. 3 Velocity profiles of the planar far wake according to the k–ω
EARSM model with the new outer coefficients compared with the BSL
k–ω EARSM model and experimental data.

Fig. 4 Velocity profiles of plane mixing layer according to the k–ω
EARSM model with the new outer coefficients compared with the BSL
k–ω EARSM model and experimental data.

Wilcox (Ref. 15, pp. 131–136) for the self-similar equations. This
particular mixing layer is a shear layer between a still fluid and a
uniform stream of velocity U1. The similarity coordinate is simply
η = y/(x − x0). Measurements are by Liepmann and Laufer,27 by
Castro and Bradshaw,28 and by Wygnanski and Fiedler.29 The ve-
locity profile measured by Wygnanski and Fiedler shows a clearly
higher spreading rate than the other two profiles. The reason for
this is not completely clear. This means that the experimental ref-
erence data are not as reliable as desired. This has been pointed
out by other authors as well.30,31 Nevertheless, the new calibration
yielded a velocity profile that agrees clearly better with all exper-
iments than the BSL-EARSM on the high-speed side, although it
still is somewhat too sharp edged there. However, on the low-speed
side the new model agrees better with the data by Wygnanski and
Fiedler, whereas the BSL-EARSM results are supported by the other
measurements there. Both models give significantly too asymmet-
ric results. Prediction of excessively asymmetric turbulence field in
this flow seems to be a common shortcoming of the majority of tur-
bulence models. Transport by the asymmetric mean-velocity field
drives the turbulent energy distribution toward asymmetry. How-
ever, there must be some counteracting mechanism in the dynamics
of turbulent stress evolution because the measurements indicate only
very slight asymmetry. This unknown balancing mechanism is not
adequately modeled by these models because they provide exces-
sively asymmetric results. This fault seems to be common to most
turbulence models as it was detected already in the early days of
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Table 1 Spreading rates of different free shear flows

Model Wake Mixing layer Plane jet Round jet

New k–ω + EARSM 0.343 0.104 0.144 0.253
BSL k–ω + EARSM 0.237 0.075 0.102 0.130
BSL k–ω 0.239 0.088 0.104 0.120
Experiment 0.3–0.4 0.11 0.10–0.11 0.86–0.96

Reynolds-stress modeling.30,31 Attempts were made to find such a
calibration that would give less asymmetric results without spoiling
the wake-flow results. However, no such values were found.

Also plane and round jets were computed, although this model is
not really designed for jet flows. The velocity profiles are not shown
here, but the spreading rates are summarized in Table 1 together
with the wake and mixing-layer values. The experimental values
for the jets are taken from Wilcox.15 The given mixing-layer value
0.11 matches to the measurements by Liepmann and Laufer27 and
by Castro and Bradshaw.28 Wygnanski and Fiedler29 measured a
clearly higher spreading rate close to 0.16. The jet spreading-rate
values clearly show that the present model is not suitable for jet
flows as such as it predicts too rapid spreading of both plane and
round jets. Predicting jet flows more accurately requires somewhat
increased σd2 and decreased Cω2, but this might compromise the
accuracy in the flows of primary interest in this study.

C. Mixing Function
As proposed in Sec. IV.A, Menter’s mixing function F1 is mod-

ified to push the mixing toward the boundary-layer edge. This can
be achieved by using the same kind of parameters �1, �2, and �3 as
used in Menter’s models. Only some coefficients have to be changed.
Most importantly, �3 has to be multiplied by a factor of, say, 10 to
allow the hyperbolic tangent function to remain at unity almost up
to the edge. Now, �3 reads

�3 = 20k

max
[
(∇k · ∇ω)d2/ω; 200k∞

] (15)

where d is the distance to the nearest wall point. The lower limit of
the denominator is made proportional to the far-field value k∞. In
fully turbulent internal flows, this limiter is of no significance, and
any small value can be used. The other parameters �1 and �2 are
adopted from the BSL model as such (see the Appendix). However,
the final value

� = min [max (�1; �2); �3] (16)

is multiplied by a factor of 1.5 to obtain the desired behavior. Hence,
the final form of the mixing function is given by

fmix = tanh (1.5�4) (17)

D. ZPG Boundary Layer
Given a mixing function with the desired behavior, we now look

for suitable values for the inner coefficients that give accurate pre-
diction for the ZPG boundary layer and fulfill the edge constraints
(11–13). First, it must be remembered that the cross term must not
be included in the near-wall region. Therefore, ∇k · ∇ω must be
replaced by max (∇k · ∇ω; 0) in that term. The diffusion coefficient
σk1 must again satisfy the constraint (13). Numerical tests suggest
a value of 1.1, which is equal to σk2. It was also observed that this
change removed the anomaly of physically incorrect shape of the
velocity profile in the defect layer predicted by the combination
of the BSL k–ω and the EARSM (Fig. 5). At this point, it was
checked that the k–ω model’s ability to fairly accurately model the
APG boundary layers is still maintained with the elevated value of
σk1.

The other diffusion coefficient σω has to be kept close to 0.5 in
order to maintain the favorable feature of the k–ω models that they
can be solved down to the wall without any near-wall modifications.
Extensive numerical experimenting with the ZPG boundary layer

a)

b)

Fig. 5 Velocity-defect profiles through a ZPG boundary layer ac-
cording to the new k–ω EARSM model and with the BSL k–ω
EARSM: a) self-similar outer-layer computations with experimental
data at �, high Reynolds number21 and �, modest Reynolds number19

and b) full Navier–Stokes computations at modest Reδ2 ≈ 7.3 ×× 103

(Rex = 4.2 ×× 106) with experimental data by �, Klebanoff19 and �,
Wieghardt and Tillman.20

and with the fully developed channel flow showed that the following
values are close to optimum:

σk1 = 1.1, σω1 = 0.53, σd1 = 1.0

γ1 = 0.518, β1 = 0.0747

Note that γ1, β1, and σω1 are related through the log-layer relation

γ1 = β1

/
β∗ − κ2σω1

/√
β∗ (18)

with β∗ = 0.09 and κ = 0.42. Note that Menter’s models use
κ = 0.41 here. The selected inner diffusion coefficients satisfy the
constraints (11–13) as well as the outer values.

Most of the numerous boundary-layer computations needed in the
calibration process were made by numerically solving the approx-
imate self-similar outer-layer equations at the limit Re → ∞ using
the log-law boundary conditions (see Wilcox,15 pp. 155–168). The
similarity variable is (Ue − U )/uτ = f (y/
). The self-similar ZPG
boundary-layer results were verified by full Navier–Stokes compu-
tations using the FINFLO solver.32,33 The velocity profiles are shown
in Fig. 5 and the turbulent shear-stress distribution in Fig. 6. The
new model gives clearly a smoother edge for the boundary layer and
velocity profile with a correct shape in the outer layer.

The self-similar velocity profiles are compared with experimental
data by Klebanoff19 (Reδ2 ≈ 7.3 × 103) and by Winter and Gaudet21

(Reδ2 ≈ 2.1 × 105). The result computed using the new model agrees
better with the high-Reynolds-number data. This is reasonable
because Re → ∞ was assumed in the derivation of the self-similar
equations.
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Fig. 6 Shear-stress profiles through a ZPG boundary layer according
to the new k–ω EARSM model and with the BSL k–ω EARSM. Com-
puted results are numerical solutions of the self-similar equations: �,
experimental data by Klebanoff.19

a)

b)

Fig. 7 Velocity-defect profiles of two equilibrium boundary layers with
different pressure gradients. Different symbols are used to separate
measurements at different locations in the same experiment.

E. Equilibrium APG Boundary Layers
So far, boundary-layer results have been shown only for the

ZPG case. Next, the performance of the proposed model is inves-
tigated in equilibrium boundary layers with different nonzero pres-
sure gradients. The nondimensional pressure-gradient parameter βT

is constant in equilibrium boundary layers. Computed results are
again based on the self-similar outer-layer equations (see Wilcox,15

pp. 155–168).
Reference 11 reports the computed mean-velocity profiles of six

cases with βT ranging from −0.35 to about 20 together with exper-
imental data. It also involves a more detailed study of the strongest
adverse-pressure-gradient case (βT = 20). Only two cases are shown
here because of the limited space (Fig. 7). The first case has βT ≈ 8,

and Clauser’s experimental data,34 taken from Ref. 35, is used as a
reference. The second case features even stronger pressure gradient
βT ≈ 20. The experimental data are from Skåre and Krogstad.36 The
k–ω results are compared also with the results computed using the
standard k–ε model.37

The predicted velocity profiles involving k–ω modeling agree
fairly well with the measured data. The role of the constitutive model
is not as important here as in the nonequilibrium situations usually
occurring in practical flow problems. Therefore, the original linear
BSL model is no worse in this case than the BSL-EARSM version.
The velocity profiles computed using the new model and the BSL-
EARSM are relatively similar to each other except near the outer
edges. As expected, the velocity profiles computed employing the
new model are in clearly better agreement with the measurement
data on the edge regions. The differences between the results would
increase in favor of the new model if the y coordinate were scaled
by the boundary-layer thickness δ instead of 
.

In contrast to all of the k–ω results, the standard k–ε model is
in strong disagreement with the experimental data. It gives too low
a velocity defect near the wall. The velocity profiles are not only
excessively full, but the overpredicted friction velocity uτ further in-
creases the error. This is typically seen as overestimated skin friction
and delayed separation in practical flow simulations. This shortcom-
ing of the k–ε models has been known for quite a long time.2,14,38

The k–ε model used for the preceding comparisons is a standard
linear Boussinesq model. The use of higher-order constitutive mod-
els, like SST or EARSM, does not resolve the overestimation of the
wall-layer length scale. Higher-order constitutive models typically
give some improvements in predicting nonequilibrium flows, but a
k–ε model furnished with a higher-order constitutive model will still
suffer from overestimated turbulent mixing near the wall. This has
been shown in Ref. 6, where separating APG flows were computed
using linear k–ε and k–ω models, SST k–ω, and EARSM based
on the k–ε and k–ω models. The linear models failed completely,
whereas the SST and the EARSM k–ω models gave satisfactory
results. The k–ε EARSM model was much better than the linear
one, but, very importantly, near the wall it failed almost similarly to
the linear k–ε model. In one of the cases, it completely refused to
predict separation.

F. Wall-Boundary Conditions
The usual no-slip condition (k = 0 on the wall) is given for k on

wall boundaries. The wall-boundary condition for ω is not that ob-
vious because theoretically ω has a singularity on a solid wall. As
recently suggested by Gullman-Strand et al.,39 ω can be split into
two as ω = ω̃ + ωw , where ωw is the general analytical near-wall so-
lution. Substitution of this into the ω-model equation yields a new
form in which ω̃ is the variable to be solved. The singularity can
be avoided this way. Gullman-Strand et al. showed how the present
model can be transformed and operated in the ω̃ form.39,40 The de-
velopment of the present model was partially done before Gullman-
Strand’s work, and therefore the method developed in Ref. 41 is
employed here for ω wall-boundary condition. However, the author
wants to encourage the readers to try Gullman-Strand’s technique
although it is not employed in this work.

The present method is based on Wilcox’s rough-wall boundary
condition method,14,15 in whichωw = u2

τ SR/ν with SR being a nondi-
mensional function defined as

SR =
{

[50/ max (k+
s ; k+

s min)]
2 for k+

s < 25

100/k+
s for k+

s ≥ 25 (19)

and k+
s is the inner-scaled sand-roughness height ksuτ /ν, so that

rough walls can be simulated if the equivalent sand roughness can be
estimated. For smooth walls, k+

s min becomes active. It is known from
experiments that the surface roughness does not influence the flow
if k+

s is less than, say, 4. The computed wall shear stress is, however,
quite sensitive to the choice of k+

s min (Refs. 41 and 42). The optimal
value is a function of the grid spacing next to the wall. It has been
found in Ref. 41 that the grid sensitivity can be largely eliminated if
k+

s min is defined as a function of the inner-scaled thickness of the first
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control volume, or more generally as a function of the inner-scaled
wall distance of the first node from the wall d+

1 , as follows:

k+
s min = min

[
4.3

(
d+

1

)0.85; 8
]

(20)

Equation (20) was originally optimized for the k–ω SST model, but
it turned out that it works as well with the new model.

V. Validation
A. General Remarks

The preliminary validation included computations of several two-
dimensional flow problems employing the FINFLO code.32,33 A de-
veloping wake, a separating APG boundary layer, massively sepa-
rated flow in an asymmetric diffuser, two single-element airfoil flows
near maximum lift, and flow past a three-element airfoil in high-lift
conditions were computed. As mentioned in the Introduction, only
two cases, the separating APG boundary layer and the three-element
airfoil case, are presented here owing to the limited space. For the
complete report, see Ref. 11. The proposed model showed either
better or similar accuracy also in those cases not presented here,
except in the diffuser case where the proposed model slightly over-
estimated the extent of separated flow.

B. Separating Adverse-Pressure-Gradient Boundary Layer
Equilibrium APG boundary layers were studied in Sec. IV.E. Such

equilibrium boundary layers can be set up in a laboratory, and the
equilibrium is a very beneficial state of affairs in research work. In
practical engineering problems, however, the APG boundary lay-
ers are extremely seldom in equilibrium. The boundary layers on
the upper surfaces of wing elements are typically subjected to pres-
sure gradients that produce increasing βT values. These kinds of
situations often lead to separation. Because the physics involved
in the high-lift airfoil problems is quite complex, even in single-
element cases, the studies of separating APG boundary layers are
started from a simpler, more idealized flow problem. The decelerat-
ing boundary-layer flow along a circular cylinder is a suitable case
for this purpose (Fig. 8). The measurements have been made by
Driver.16 This flow was one of the cases in Ref. 6 to study the effect
of the constitutive and the scale-determining models in separating
APG boundary-layer problems.

The cylinder axis is oriented in the streamwise direction, and
the test-section walls are diverged in order to decelerate the flow.
The inflow Reynolds number based on the cylinder diameter D is
2.8 × 105 and about 4 × 103 based on the inlet momentum thickness
δ2. The inflow boundary conditions have been obtained from the
result of a separate computation of a ZPG boundary layer on the
same cylinder. The outer edge is modeled as an inviscid slip wall
contoured according to the streamlines plotted by Driver. This slip
wall had to be placed quite close to the outer edge of the boundary
layer because no streamline information was available further away.
The influence of this fact could not be studied, unfortunately. The
computational grid consisted of 160 × 96 control volumes in the
axial and radial directions, respectively. The grid independence was
studied in Ref. 6 by repeating one computation employing Menter’s
model using a 320 × 192 grid (not shown here). Virtually unchanged
results were obtained, except that the edge of the boundary layer
became slightly sharper as the grid was refined. The new model
does not share this particular grid-dependency problem as it predicts
smooth outer edges.

Fig. 8 Schematic illustration of Driver’s decelerating boundary layer.

a)

b)

Fig. 9 Coefficients for a) pressure Cp and b) skin-friction coefficient
cf along the cylinder surface in Driver’s decelerating boundary layer.

The pressure and skin-friction distributions are plotted in Fig. 9.
One can immediately observe that the original BSL model under-
estimates the pressure loss more significantly than the EARSM-
based models and the SST model. Hence, it can be assumed that
the role of the constitutive model is important in this flow. This has
been shown by Menter in the case of the SST-model2 and later by
Hellsten using also EARSM-based models.6 All of the k–ω models
predict the flow separation at almost the same location, which is
only slightly upstream from the measured separation line. The new
model and the SST model predict slightly longer separation bubbles
than the BSL models. On the other hand, the pressure distribution
predicted with the new model is closer to the measurements than
that of the SST and BSL-EARSM. SST predicts a slightly lower loss
than the EARSM-based models. The original SST results presented
by Menter2 showed slightly higher pressure loss. This difference
might be explained by different grid resolutions. It was shown in
Ref. 6 that the k–ε models do not predict separation at all, regard-
less of the employed constitutive model, Boussinesq, or EARSM.
Nevertheless, the EARSM-based k–ε predicted a significantly larger
pressure loss than the linear Boussinesq k–ε model. This is yet fur-
ther evidence that the most significant difference between the k–ε
and k–ω models in APG flows takes place near the wall.

The velocity and Reynolds shear-stress profiles around the sepa-
ration bubble are plotted in Fig. 10 at five stations: x/D = −0.091,
0.363, 1.088, 1.633, and 2.177. The velocity profiles show that the
BSL model underestimates the extent of separation. The reversed
flow is restricted into an extremely thin region near the wall. The
BSL-EARSM also underestimates the extent of separation, and it
predicts the flow to reattach and to recover somewhat too early. This
was observed already in Ref. 6. The new model is seen to perform
somewhat better in this regard, although it still slightly underpre-
dicts the backflow and the flow retardation over the bubble. The
accuracy of the new model in this particular case is quite similar to
that of the SST model. The shear-stress curves in Fig. 10 just show
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a) b)

Fig. 10 Profiles of a) velocity U/Ue and b) Reynolds shear-stress −−u′v′/(2U2
e ) profiles in Driver’s decelerating axisymmetric boundary layer at five

stations: x/D = −−0.091, 0.363, 1.088, 1.633, and 2.177. Note the shifted origin of each station. Legends as in Fig. 9.

Fig. 11 Geometry of the NHLP 2D airfoil with lines indicating the
stations where total-pressure distributions are measured.

how the linear BSL model overestimates the shear stress indicat-
ing the importance of the advanced constitutive modeling in these
kinds of flows. The reduced shear stress predicted with the SST and
the EARSM-based models is primarily owing to a reduction of the
shear-stress anisotropy a12 = u′v′/k instead of a reduction of k.

C. High-Lift Airfoil Flows
Reference 11 reports three airfoil computations, each of them at

only one angle of attack. This should be considered only as a pre-
liminary validation and a feasibility study of the new model. More
comprehensive validation is beyond the scope of this study. Owing
to the space limitations, only one of these three computations is pre-
sented here, whereas the other two are only briefly discussed next.

The three cases were selected to reflect somewhat different flows
past two-dimensional airfoil sections near maximum lift. The first
case is the single-element Aerospatiale A airfoil at an angle of attack
of 13.3 deg (Ref. 43). In this case, the flow on the upper surface
separates near the trailing edge. The recirculation region is small,
and the separation can be classified as mild. The results computed
with the new model are in good agreement with the experiments.11

The second case is also a single-element airfoil NACA-4412 at
13.87 deg. This situation differs from the first one in the extent of
separation. Now, there is a substantial region of backflow with a
rather strong displacement effect. This is computationally a very
hard case, because the models tended to predict time-dependent re-
sults as the grid was refined. Unfortunately, proper grid convergence
was not achieved in this case.11 Again, the new model gave results
in good agreement with the measurements by Coles and Wadcock.44

However, reliable conclusions cannot be made in this case owing to
the lack of adequate grid convergence.

Most of the real-life high-lift aerodynamics deals with multiele-
ment wing sections. Therefore, the NHLP 2D three-element airfoil
at 20.18 deg was selected as the final case (Fig. 11). This case is
discussed below in more detail and some results are presented.

Flows about multielement airfoils involve added complexity in
comparison with the single-element problems. Not only are the ge-
ometry and the grid generation more complex in multielement cases,
but they also involve more complex flow details. The confluent and
possibly merging boundary layers, wakes, and mixing layers be-
come important. The main goal in this study was to develop a turbu-
lence model that is more suitable for these kinds of problems than
the existing models. Therefore, such a flow problem is selected as
the final test case, although the focus of this study is in the basic
development.

Fig. 12 Grid-convergence study using the new k–ω EARSM model.
Distributions of the total-pressure coefficient through the confluent
wakes at just behind the flap trailing edge.

As this is a takeoff configuration with the slat angle of 25 deg and
flap angle of only 20 deg, there is no substantial flow separation,
and this makes it somewhat easier for the turbulence model to yield
accurate results. The focus is kept on the wake/boundary-layer in-
teraction process, pressure distributions, and on the integrated lift
and drag coefficients. The model’s ability to predict the separation of
boundary layers without wake interaction has already been assessed
in Sec. V.B, and in Ref. 11 for the single-element airfoil cases. The
angle of attack is 20.18 deg in this case, and the chord Reynolds
number and the freestream Mach number are 3.52 × 106 and 0.197,
respectively.

The measurements were performed in the early 1970s by the
former British Aerospace Company. The results are reported by
Moir.17 The experimental results include the lift and drag coeffi-
cients, pressure distributions along the surfaces of each element,
and total-pressure coefficient distributions through the boundary
layer and confluent wakes at four stations on the main wing and flap
upper surfaces (Fig. 11). This flow case has been previously studied
computationally by several groups as summarized by Fejtek.45 To
mention only a few earlier works, Rumsey et al.46 has studied this
case as well as Rudnik.47 Recently Wild studied computational fluid
dynamics (CFD)–based airfoil optimization using, for example, this
case.48 Wild reported transition locations for each element obtained
by means of a boundary-layer stability calculations using the en

method. This information, although its reliability is not fully known,
is highly useful for all current and future CFD studies of this case.
These transition locations were used in this study.
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Fig. 13 Computed and measured pressure-coefficient distributions
along the NHLP 2D airfoil surfaces.

Fig. 14 Distributions of the total-pressure coefficient Cp0 at locations 1 (upper left) to 4 (lower right) given in Fig. 11.

The present computations were made using a relatively fine grid
that consists of 364,608 control volumes in 17 blocks. The com-
putational domain extended about 50 chord lengths away from the
airfoil, and so-called circulation correction or point-vortex correc-
tion was employed in the far-field boundary.11 The grid conver-
gence is studied by comparing the aerodynamic force coefficients
computed with the fine grid and with medium and coarse grids
(see Table 2). The medium grid was obtained from the fine grid
by omitting every second grid line in both directions. The coarse
grid, in turn, was obtained similarly from the medium grid. Also,
the total-pressure profiles computed using these three grids are
compared. These profiles at the rearmost measurement station are
shown in Fig. 12. The grid-convergence study was made using the
new model only. Both comparisons indicate that the fine-grid re-
sults are not fully grid independent but, nevertheless, reasonably
grid converged. Only the fine-grid results are used for turbulence
model comparisons. All of the fine-grid computations refused to
converge to a stationary result using the pseudo time integration.
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Table 2 Grid-dependency of the lift and drag coefficients
of the NHLP 2D airfoil computed with the new model

Grid Control volumes cl cd

Coarse 22,788 3.94 0.083
Medium 91,152 4.03 0.061
Fine 364,608 4.06 0.057

Table 3 Comparison of the lift and drag coefficients of the
NHLP 2D airfoil computed with different turbulence models

Model cl cd

New k–ω EARSM 4.06 0.057
BSL k–ω EARSM 4.05 0.056
SST k–ω 4.09 0.055
Rumsey46 (k–ω EARSM) 4.08 0.068
Rudnik47 (Wilcox’s k–ω) 4.01 0.071
Experiment, uncorrected 4.11 0.055
Experiment, corrected 4.11 0.068

Stationary solutions were obtained by means of time-accurate
simulations.

The computed and measured lift and drag coefficients are shown
in Table 3, which also includes the k–ω EARSM results by Rumsey
et al. and Rudnik’s results. The lift coefficients were predicted within
the experimental uncertainty with all three models. In general, the
differences in lift coefficients predicted with different models are in-
significant in this case. This can also be seen in Fig. 13, which shows
the surface-pressure coefficient distributions. The curves are prac-
tically indistinguishable. The predicted drag coefficients are quite
clearly lower than the experimental wind-tunnel corrected value.
Incidentally, the predicted values agree very well with the mea-
sured uncorrected drag coefficient. Rudnik’s computation provided
a slightly lower lift coefficient and a clearly higher drag that agrees
with the measurement. It is reasonable to assume that the grid used
by Rudnik caused more numerical dissipation than the present grid
(see the discussion in Ref. 11). If this is true, it means that an asymp-
totic numerical result in which the numerical errors approach zero
would predict an even lower drag coefficient than the present com-
putations. However, even this does not mean that the models are
fully responsible for the underpredicted drag. Uncertain transition
locations and the fact that the computations simulate a freestream
situation instead of the confined experimental situation are, indeed,
significant factors causing differences between the computed and
measured drag; predicting the drag of a high-lift configuration is a
very difficult task, as pointed out by Fejtek.45

The total-pressure coefficient Cp0 profiles through the upper sur-
face boundary layers of the main wing and the flap and through the
confluent wakes are shown in Fig. 14. Menter’s SST model2 is also
included in the comparison. In this case, the interactions between
the wakes and boundary layers are weak and do not influence the
aerodynamic forces. At a slightly higher angle of attack, the in-
teractions might become more important. The present results give,
however, some impression about the ability of the new model to
predict the merger of the wakes and boundary layers. The first plot
in Fig. 14 is over the main wing at a location of 35% of the stowed
chord. Here, the predicted wake is too symmetric in comparison
with the experiment, which means that the turbulent shear stress is
underestimated on the inner side of the wake. Possibly incorrectly
predicted transport of the turbulent stresses generated in the slat
cove might be a reason. Such fault could be a consequence of the
weak equilibrium assumption in the derivation of the constitutive
model and could only be avoided by using an RST model. Unfortu-
nately, all attempts to compute this flow with an RST model failed
to converge. It was also speculated in Ref. 11 that the effect of the
wake curvature, which is destabilizing on the inner side of the wake,
might have been one reason for the underestimation of the turbulent
shear stress on the inner side of the wake. Recent computations with
the curvature-corrected EARSM, see Eqs. (A10) and (A11) in the
Appendix, suggest, however, that the curvature effects are not likely

to be important here. The influence of the curvature correction was
small in this case; hence, the results are not shown here. As the cur-
vature correction deteriorated, the stability and the convergence rate
significantly, it seems to not be worth using in this particular case.

At the main-wing trailing edge, the wake is predicted to be slightly
further away from the wing surface in comparison with the measure-
ment data. This might be owing to the just-discussed underestimated
turbulence on the inner side of the wake. The fact that the new model
predicts a more rapidly spreading wake than the BSL-EARSM or
the SST model can be seen at this station. The merger of the wake
and the boundary layer has already begun at this station according
to the measurements. The new model predicts this better than the
BSL-EARSM and the SST models. This is even more clearly seen
at the next stations, that is, at the flap midchord and at the trailing
edge of the flap. The plots in the last two stations reveal that also
the main-element wake is predicted slightly too symmetric quite
similarly as the slat wake. Again, failure in modeling the anisotropy
transport from the flap cove might possibly explain this.

In general, the computed results, except for the drag coeffi-
cient, are in a better agreement with the measurements than the
earlier computations.45−48 However, Rumsey recently repeated his
computations using the present grid and transition locations and
plotted the Cp0 distributions along exactly the same lines as here,
and his new results were in rather good agreement with the present
results (Rumsey, private communication, 2004). The new model
seems to predict the evolution of the wakes and the merger pro-
cesses quite accurately, except that the slat wake asymmetry is not
correctly predicted.

VI. Conclusions
A new two-equation turbulence model was developed for com-

putational aerodynamics purposes, especially for high-lift aerody-
namics applications. The new model employs the explicit alge-
braic Reynolds-stress model (EARSM) developed by Wallin and
Johansson3 as the constitutive relation between the turbulent stress
tensor and the mean-velocity gradient. The new scale-determining
model is based on the k–ω formulation. The model equations are of
similar form to Menter’s k–ω models,2 but the model is completely
recalibrated. Particular attention was paid to the model’s sensitivity
to pressure gradients, to the behavior near the outer edges of turbu-
lent flows, and to the calibration of the model coefficients for flow
phenomena relevant to high-lift aerodynamics. The model develop-
ment was based on both analytical studies and numerical experi-
menting. New values for the model coefficients were found, leading
to improvements in comparison with Menter’s models and other
previously proposed k–ω models.

The analysis concerning the model behavior near the edges of
turbulent regions8−10 was extended for models involving variable
Cµ coefficient such as EARSMs. This analysis is a very useful tool
providing understanding of anomalies occurring with many k–ω
models near the edges of turbulent flows. The analysis explains these
anomalies, and it provides constraints for the diffusion coefficients
to avoid such unphysical solutions. These constraints were very
useful in the calibration process.

The model calibration was carried out by means of a large num-
ber of numerical computations of selected elementary flows. The
elementary flow problems were formulated in a self-similar form
in order to facilitate quick and grid-independent numerical solution
and thus the large number of computations needed in the calibration
process. Also, more realistic two-dimensional flows were computed
already during the calibration process. The proposed new model is
believed to be applicable to a wider range of flows than most of the
other k–ω models. This is owing to two reasons. First, the EARSM
constitutive model has a wider range of applicability than the linear
Boussinesq relation, which is used in most of the other k–ω models.
Second, a relatively wide base of different flows was used in the
calibration.

Finally, the new model was preliminarily assessed and validated
using a set of realistic flow problems, including high-lift airfoil
flows. The new model showed relatively good behavior in the con-
sidered test cases. Improvements over the reference models were
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achieved especially near the edges of turbulent regions and also in
predicting flows with mild separation. A three-element airfoil at a
high angle of attack was studied as the final validation case. The
new model predicted the evolution of the wakes and the merger pro-
cess of the wakes and boundary layers somewhat more accurately
than the reference models. However, the new model as well as the
reference models predicted a too symmetric slat wake.

The proposed new k–ω EARSM model is a promising model to be
employed in practical computational-fluid-dynamics (CFD) work in
aerodynamic design and analysis. It is relatively easy to implement,
particularly in the CFD packages already equipped with Menter’s
k–ω model.

Appendix: Summary of the New Model
Scale-Determining Model

The transport equations for k and ω of the new k–ω model are
written as

Dk

Dt
= P − β∗kω + ∂

∂xk

[
(ν + σkνT )

∂k

∂xk

]
(A1)

Dω

Dt
= γ

ω

k
P − βω2 + ∂

∂xk

[
(ν + σωνT )

∂ω

∂xk

]

+ σd
1

ω
max

(
∂k

∂xk

∂ω

∂xk
; 0

)
(A2)

Note that the cross term in the ω equation is included only when
the inner product of the gradients of k and ω is positive. The model
coefficients vary in space as C = fmixC1 + (1 − fmix)C2, where C
represents any of the model coefficients γ , β, σk , σω, and σd , and fmix

is a new mixing function (replacing Menter’s F1) and is described
next. β∗ = 0.09 and the other coefficient values of the new model
are shown in Table A1.

The mixing function fmix is slightly modified from Menter’s cor-
responding function F1 but is based on the same ideas. The mixing
function is equal to one almost up to the edge of boundary layers and
is zero in the free turbulent flows and in laminar regions. Wall dis-
tance is needed also in this model. The ratio of turbulent length scale
and wall distance d is used as the first measure just as in the BSL
model, �1 = √

k/(β∗ωd). The second measure is based on the vis-
cous length scale and reads �2 = 500ν/(ωd2), and maximum of �1

and �2 is taken. Following Menter, even a third measure is exploited.
This is based on the length scale of the cross term (∇k · ∇ω)/ω and
the wall distance, and it is used as an upper bound for the maximum
of �1 and �2. The redefinition for �3 is given by

�3 = 20k

max
[
d2(∇k · ∇ω)/ω; 200k∞

] (A3)

with k∞ being the user-specified small far-field value of k. In fully
turbulent internal flows this limiter is of no significance; thus, any
small value can be used. Finally, the mixing function is defined as

fmix = tanh (1.5�4) (A4)

� = min [max (�1; �2); �3] (A5)

It has been shown in Ref. 11 that the model is reasonably insen-
sitive to the freestream values of k and ω provided that excessively
high values are not given. The wall-boundary condition for k is the
usual no-slip condition (k = 0 on the wall), and the recommended
wall value for ω can be computed from ωw = u2

τ SR/ν, where SR is

Table A1 Model coefficients

Set γ β σk σω σd

1 0.518 0.0747 1.1 0.53 1.0
2 0.44 0.0828 1.1 1.0 0.4

defined as

SR =
{[

50/ max
(
k+

s ; k+
s min

)]2
for k+

s < 25

100/k+
s for k+

s ≥ 25 (A6)

with ks specified for rough walls, and for smooth walls

k+
s min = min

[
4.3

(
d+

1

)0.85; 8
]

(A7)

with d+
1 being the inner-scaled wall distance of the first node adjacent

to a wall.

Constitutive Model
The proposed k–ω model is designed to be used with the EARSM

developed by Wallin and Johansson3 as the constitutive model. The
model is written for the Reynolds-stress anisotropy tensor ai j . The
formulation of the algebraic Reynolds-stress model is not repeated
here; only its explicit solution is given. The anisotropy tensor is
expressed using the following tensor polynomial:

ai j = β1 Si j + β3

(
�∗

ik�
∗
k j − 1

3 II�δi j

) + β4

(
Sik�

∗
k j − �∗

ik Sk j

)

+ β6
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Sik�

∗
kl�

∗
l j + �∗

ik�
∗
kl Sl j − 2

3 IVδi j

) + β9

(
�∗

ik Skl�
∗
lm�∗

mj

− �∗
ik�

∗
kl Slm�∗

mj

)
(A8)

where the effective nondimensional vorticity tensor is defined by

�∗
i j = �i j − (τ/A0)�

(r)

i j (A9)

The second term, which depends on �
(r)

i j , is an optional part that can
be beneficial if the streamline-curvature effects on turbulence are
considered important. However, the model can be operated without
adding this so-called vorticity modification caused by curvature.49

In fact, the curvature modification was employed in only one of the
computations discussed in this paper. This was one of the NHLP 2D
computations. Wallin and Johansson calibrated a value of −0.72 for
the coefficient A0 (Ref. 49). �(r)

i j is the vorticity modification caused
by streamline curvature, and it is calculated from

�
(r)

i j = −εi jk Bkm Spr
DSrq

Dt
εpqm (A10)

with

Bkm = II2
Sδkm + 12IIIS Skm + 6IIS Skl Slm

2II3
S − 12III2

S

(A11)

The reader is advised to consult Refs. 49–51 to understand this
method.

The timescale τ is simply the turbulent timescale τ = 1/(β∗ω).
The earlier reports11,52 included also a viscous timescale as a lower
limit. It was dropped after it was found to delay the transition in
some cases and because it is not really necessary in this kind of
high-Reynolds-number formulation.

The β coefficients in Eq. (A8) are functions of the invariants IIS =
Skl Slk , II� = �∗

kl�
∗
lk , IIIS = Skl Slm Smk , and IV = Skl�

∗
lm�∗

mk as
follows:

β1 = −N
(
2N 2 − 7II�

)/
Q, β3 = −12IV/(NQ)

β4 = −2
(

N 2 − 2II�

)/
Q, β6 = −6N/Q

β9 = 6/Q (A12)

where the denominator Q reads

Q = 5
6

(
N 2 − 2II�

)(
2N 2 − II�

)
(A13)
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In two-dimensional mean flows, only two independent invariants,
IIS and II�, exist, and only the first and third terms remain in
Eq. (A8):

β1 = − 6
5

[
N

/(
N 2 − 2II�

)]
(A14)

β4 = − 6
5

[
1
/(

N 2 − 2II�

)]
(A15)

The function N is solved from a cubic equation in two-dimensional
mean flows. In three-dimensional cases, the corresponding equation
is of the sixth order, and no explicit solution can be found for it.
Therefore, the solution of the cubic equation is used also for three-
dimensional cases. It is given by

N =




A′
3/3 + (P1 + √

P2)
1
3

+ sign(P1 − √
P2)|P1 − √

P2| 1
3 for P2 ≥ 0

A′
3/3 + 2

(
P2

1 − P2

) 1
6

× cos
[

1
3 arccos

(
P1

/√
P2

1 − P2

)]
for P2 < 0

(A16)

where

P1 = [
A

′2
3

/
27 + (9/20)IIS − 2

3 II�

]
A′

3 (A17)

P2 = P2
1 − [

A
′2
3

/
9 + (9/10)IIS + 2

3 II�

]3
(A18)

and finally A′
3 is defined by

A′
3 = 9

5 + 9
4 CDiff max

(
1 + β

(eq)

1 IIS; 0
)

(A19)

The purpose of the latter term in A′
3 is to model the ignored diffusion

of the anisotropy.3 The parameter β
(eq)

1 is defined as

β
(eq)

1 = − 6
5

{
N (eq)

/[
(N (eq))2 − 2II�

]}
(A20)

where

N (eq) = 81/20, CDiff = 2.2 (A21)

To facilitate practical implementation in general CFD solvers,
the Reynolds-stress tensor is expressed using an effective eddy-
viscosity formulation including a corrective extra-anisotropy tensor
a(ex)

i j

u′
i u

′
j = −νT

(
∂Ui

∂x j
+ ∂U j

∂xi

)
+ 2

3
kδi j + a(ex)

i j k (A22)

in which the effective eddy viscosity is defined as

νT = (
Cµ

/
β∗)(k/ω) = Cµkτ, Cµ = − 1

2 (β1 + II�β6)

(A23)

a(ex)

i j = β3

(
�∗

ik�
∗
k j − 1

3 II�δi j

) + β4

(
Sik�

∗
k j − �∗

ik Sk j

)

+ β6

(
Sik�

∗
kl�

∗
l j + �∗

ik�
∗
kl Sl j − II�Si j − 2

3 IVδi j

)

+ β9

(
�∗

ik Skl�
∗
lm�∗

mj − �∗
ik�

∗
kl Slm�∗

mj

)
(A24)
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